A complete and improved calculation of phase space factors (PSF) for 2νβ + β + and 0νβ + β + decay, as well as for the competing modes 2νECβ + , 0νECβ + , and 2νECEC, is presented. The calculation makes use of exact Dirac wave functions with finite nuclear size and electron screening and includes life-times, single and summed positron spectra, and angular positron correlations.
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Double-β decay can be classified in various modes according to the various types of particles emitted in the decay. For processes allowed by the standard model, i.e. the two neutrino modes: 2νββ, 2νβEC, 2νECEC, the half-life can be, to a good approximation, factorized in the form
where G 2ν is a phase space factor and M 2ν the nuclear matrix element. For processes not allowed by the standard model, i.e. the neutrinoless modes: 0νββ, 0νβEC, 0νECEC, the half-life can be factorized as
where G 0ν is a phase space factor, M 0ν the nuclear matrix element and f (m i , U ei ) contains physics beyond the standard model through the masses m i and mixing matrix elements U ei of neutrino species. For both processes, two crucial ingredients are the phase space factors (PSF) and the nuclear matrix elements (NME). Recently, we have initiated a program for the evaluation of both quantities and presented results for β − β − decay [1] [2] [3] [4] . This is the most promising mode for the possible detection of neutrinoless double-β decay and thus of a measurement of the absolute neutrino mass scale. However, in very recent years, interest in the double positron decay, β + β + , positron emitting electron capture, ECβ + , and double electron capture, ECEC, has been renewed. This is due to the fact that positron emitting processes have interesting signatures that could be detected experimentally * jenni.kotila@yale.edu † francesco.iachello@yale.edu [5] . With this article we initiate a systematic study of β + β + , ECβ + , and ECEC processes. In particular we present here a calculation of phase space factors (PSF). A calculation of nuclear matrix elements (NME), which are common to all three modes, will be presented in a forthcoming publication [6] .
Estimates of the transitions rates for β + β + , ECβ + , and ECEC processes were given by Primakoff and Rosen already in the 50's and 60's [7, 8] . Haxton and Stephenson [9] calculated half-lives for β + β + including relativistic corrections approximately and some non-relativistic calculations were done in the 1980's [10, 11] . In the 90's, this subject was revisited by Doi and Kotani [12] [13] [14] who also presented a detailed theoretical formulation and tabulated results for selected cases. At the same time, Boehm and Vogel [15] gave more comprehensive results, but without a detailed theoretical description. In these papers, results for the PSFs were obtained by approximating the positron wave functions at the nucleus and without inclusion of electron screening. In this article, we take advantage of some recent developments in the numerical evaluation of Dirac wave functions and in the solution of the Thomas-Fermi equation to calculate more accurate phase space factors for double-β + decay, ECβ + decay, and double-EC in all nuclei of interest. While in the case of β − β − our results (and corrections) were of particular interest in heavy nuclei, αZ large, where relativistic and screening corrections play a major role, in the case of β + β + our results are of interest in all nuclei, since in this case there is a balance between Coulomb repulsion in the final state which favors light nuclei, αZ small, relativistic corrections, which are large for heavy nuclei, αZ large, and screening corrections, which are large in light nuclei due to the opposite sign of β + β + relative to β − β − . Studies similar to ours were done for single-β + decay and EC in the 1970's [16, 17] . In this article we specifically consider the following five processes: i) Two neutrino double-positron decay, 2νβ + β + :
ii) Positron emitting two neutrino electron capture, 2νECβ + :
iii) Two neutrino double electron capture, 2νECEC:
iv) Neutrinoless double-positron decay, 0νβ
v) Positron emitting neutrinoless electron capture, 0νECβ + :
The neutrinoless double electron capture process 0νECEC cannot occur to the order of approximation we are considering, since it must be accompanied by the emission of one or two particles in order to conserve energy, momentum and angular momentum. It will not be considered here.
II. WAVE FUNCTIONS
The key ingredients for the evaluation of phase space factors in single-and double-β decay are the scattering wave functions and for EC the bound state wave functions. The general theory of relativistic electrons and positrons can be found e.g., in the book of Rose [18] . The electron scattering wave functions of interest in β − β − were given in Eq. (8) of [2] . In this article, we need the positron scattering wave functions, and the electron bound state wave functions.
A. Positron scattering wave functions
We use, for β + decay, negative energy Dirac central field scattering state wave functions,
where χ −µ κ are spherical spinors and g κ (ǫ, r) and f κ (ǫ, r) are radial functions, with energy ǫ, depending on the relativistic quantum number κ defined by κ = (l−j)(2j+1). Given an atomic potential V (r) the functions g κ (ǫ, r) and f κ (ǫ, r) satisfy the radial Dirac equations:
The potential V appropriate for this case is obtained from that for electrons by changing the sign of V (Z into −Z). These scattering positron wave functions are normalized as the corresponding scattering electron wave functions, Eq. (12) of [2] , except for the change in sign in the Sommerfeld parameter η = Ze 2 / v.
B. Electron bound wave functions
For electron capture (EC) we use positive energy Dirac central field bound state wave functions,
where n ′ denotes the radial quantum number and the quantum number κ is related to the total angular momentum, j κ = |κ|−1/2. For K-shell electrons n ′ = 0, κ = −1, 1S 1/2 , while for L I -shell electrons n ′ = 1, κ = −1, 2S 1/2 . We do not consider here L II and L III -shells because these are suppressed by the non-zero orbital angular momentum, 2P 1/2 , 2P 3/2 . The bound state wave functions are normalized in the usual way
C. Potential
The radial positron scattering and electron bound wave functions are evaluated by means of the subroutine package RADIAL [19] , which implements a robust solution method that avoids the accumulation of truncation errors. This is done by solving the radial equations by using a piecewise exact power series expansion of the radial functions, which then are summed up to the prescribed accuracy so that truncation errors can be completely avoided. The input in the package is the potential V . This potential is primarily the Coulomb potential of the daughter nucleus with charge Z d , V (r) = Z d (α c)/r in case of β + decay and the Coulomb potential of the mother nucleus with charge Z m , V (r) = −Z m (α c)/r in case of electron capture. As in the case of single-β decay and electron capture we include nuclear size corrections and screening.
The nuclear size corrections are taken into account by an uniform charge distribution in a sphere of radius R = r 0 A 1/3 with r 0 = 1.2 fm, i.e.
The introduction of finite nuclear size has also the advantage that the singularity at the origin in the solution of the Dirac equation is removed. The contribution of screening to the phase space factors was extensively investigated in single-β decay [20, 21] . The screening potential is of order
and thus gives a contribution of order α = 1/137 relative to the pure Coulomb potential V C ∝ Z i α. We take the screening contribution into account by using the Thomas-Fermi approximation. The Thomas-Fermi function ϕ(x), solution of the Thomas-Fermi equation
with x = r/b and
where i = d, m and a 0 is the Bohr radius, is obtained by solving Eq. (14) for a point charge Z i with boundary conditions
for β + β + decay,
for ECβ + decay (EC, β + , respectively), and
for ECEC decay. This takes into account the fact that the final atom is a negative ion with charge −2, −1 or a neutral ion depending on the mode (β + β + , ECβ + , ECEC, respectively). With the introduction of this function, the potential V (r) including screening becomes
This can be rewritten in terms of an effective charge Z eff = Z i ϕ(r) where Z eff now depends on r. In order to solve Eq. (14), we use the Majorana method described in [22] which is valid both for a neutral atom and negative/positive ion. The Majorana method requires only one quadrature and is amenable to a simple solution, the accuracy of which depends on the number of terms kept in the series expansion of the auxiliary function u(t) of Ref. [22] . The solution is smooth for all three boundary conditions. It is particularly useful here, since we want to evaluate screening corrections in several nuclei. As an example for the resulting ϕ(x) functions with the boundary conditions presented in Eqs. (16) - (18) we show in Fig. 1 (16) - (18) for 78 Kr decay. The dotdashed (gray) curve corresponds to the solution for β + β + decay, the dashed (red) curve corresponds to the solution for EC, the dashed (blue) curve corresponds to the solution for β + decay, and the solid (black) curve corresponds to the ECEC.
D. Solutions
In order to illustrate the effect of finite size and screening we show in Fig. 2 the positron scattering wave function for ǫ = 1.0MeV, and in Fig 
III. PHASE SPACE FACTORS IN DOUBLE-β DECAY
In order to calculate PSFs for β + β + , ECβ + , and ECEC, we use the formulation of Doi and Kotani [12, 13] .
A. Decays where two neutrinos are emitted
The 2νββ decay is a second order process in the effective weak interaction. It can be calculated in a way analogous to single-β decay. Neglecting the neutrino mass, considering only S-wave states and noting that with four leptons in the final state we can have angular momentum 0, 1 and, 2, we see that both 0 + → 0 + and 0 + → 2 + decays can occur. We denote by Q i , where i = β + β + , ECβ + , ECEC, the Q-values of the decay. These can be obtained from the mass difference between neutral mother and daughter atoms, as
For the total available kinetic energy one also needs to take into account the binding energy of the captured electron and thus the total available kinetic energies for β + β + , ECβ + and ECEC modes are
The values of M (A, Z)−M (A, Z−2) are shown in Table I . Another quantity of interest in the evaluation of the PSFs is the excitation energy E N of the intermediate nucleus with respect to the average of the initial and final ground states,
illustrated in Fig. 4 . As discussed in Ref. [2] , the results for PSF depend weakly on the values of the energies E N in the intermediate odd-odd nucleus, as remarked years ago by Tomoda [23] and as shown explicitly in our Ref. [2] , Fig. 4 . We therefore perform all calculations in this paper by replacing E N with an average value E N andÃ = 1.12A 1/2 MeV as suggested by Haxton and Stephenson [9] . The error introduced by this approximation is discussed in the following Sect. IV. We emphasize, however, that our calculation has been set up in such a way as to allow a state by state evaluation, if needed. 
2νβ
+ β + decay
The formulas for 2νβ + β + decay are exactly the same as for 2νβ − β − decay described in [2] where now ǫ 1 is the energy of the first positron, ǫ 1 = ǫ p1 , and ǫ 2 is the energy of the second positron, ǫ 2 = ǫ p2 . We use here the same approximations as in [2] , that is to evaluate the positron wave functions at the nuclear radius
and to replace the excitation energy E N in the intermediate odd-odd nucleus by a suitably chosen energy E N , givingÃ
Nucleus The phase space factors are then given in terms of quantities [2, 23] 
These approximations allow a separation of the PSF from the nuclear matrix elements and the condition under which they are good have been discussed in [2] . Apart from a narrow region around threshold, where the error is ∼ 1%, the approximations are good throughout. For β + β + decay we have two integrated phase space factors G (0) 2ν and G (1) 2ν whose explicit expression are given in Eqs. (21)- (28) and (34)- (36) of [2] . Since the calculated single-β decay matrix elements of the GT operator in a particular nuclear model appear to be systematically larger than those derived from measured f t values of the allowed GT transitions, and this effect is usually taken into account by quenching the axial vector coupling constant g A,ef f = qg A , it is convenient to separate it from the phase space factors G 2ν . Also, it is convenient to scale the matrix elements with the electron mass, m e c 2 . The phase space factors are then in units of yr −1 . From these we obtain (i) The half-life
(ii) The differential decay rate
where
The summed energy spectrum of the two positrons
These three quantities depend only on G
The angular correlation between the two positrons
which depend on both G
2ν and G
2ν . Here and in the following subsections 2 and 3,
The closure energies A GT andÃ F could in principle be different, but in this article we takeÃ GT =Ã F ≡Ã.
The phase space factors for 2νβ + β + decay are listed in Table II column 2, where they are also compared with values found from literature [12, 15] (columns 3 and 4), and in Fig. 5 . The values in the literature have been converted to our notation by removing factors of g 4 A and (m e c 2 ) 2 . The value for 136 Ce should be taken with caution because of the very low Q-value. We also have available upon request for all 2νβ + β + nuclei in Table II 
2νECβ
+ decay
For the calculation of electron capture processes the crucial quantity is the probability that an electron is found at the nucleus. This can be expressed in terms of the dimensionless quantity [12] 
where a 0 is the Bohr radius a 0 = 0.529 × 10 −8 cm and we use for the nuclear radius R = 1.2A
1/3 fm. For capture from the K-shell n ′ = 0, κ = −1, 1S 1/2 while for capture from the L I -shell n ′ = 1, κ = −1, 2S 1/2 . Denoting by ǫ p the energy of the emitted positron and by e b the binding energy of the captured electron, the phase space factor can be written as [12] 
where ω 
2νECEC decay
In the case of double electron capture with two neutrinos the energies of the electrons are fixed and the two neutrinos carry all the excess energy. The equation for PSF then reads [12] : 
In this case, in the definition of K N and L N in Eq. (25) , ǫ 1 = ǫ e1 = −(m e c 2 − e b1 ) is the energy of the first captured electron and ǫ 2 = ǫ e2 = −(m e c 2 − e b2 ) is the energy of the second captured electron. The values obtained are listed in Table II column 8 where they are compared with previous calculations (columns 9 and 10), and in Fig. 10 . From G ECEC 2ν we can calculate:
While in the case of β + β + and ECβ + decay all three calculations agree within a factor of ∼ 1.5, in the case of ECEC decay, the calculation reported in the book of Boehm and Vogel [15] , disagrees with other two by a factor of approximately 4. The origin of this discrepancy is not clear. The values in Table II have been converted to units yr −1 using the same procedure in all three cases, β + β + , ECβ + , and ECEC. Since apart from the factor of 4, the behavior with mass number of G ECEC 2ν
in [15] is the same as in the other two calculations, it may be simply due to a different definition of G ECEC 2ν
. Note that the scale in Fig. 10, 10 −24 yr −1 , for 2νECEC is very different from that for 2νβ As discussed in Ref. [4] , several scenarios of neutrinoless double beta decay have been considered, most notably, light neutrino exchange, heavy neutrino exchange, and Majoron emission. After the discovery of neutrino oscillations, attention has been focused on the first scenario and the mass mode, where the transition operator is proportional to m ν /m e . In this article we present phase-space factors for the mass mode. Phase-space factors associated with the other modes, called λ and η in Ref. [23] , will form the subject of a subsequent publication.
The equations for 0νβ + β + decay are exactly the same as for 0νβ − β − decay described in [2] where now ǫ 1 is the energy of the first positron, ǫ 1 = ǫ p1 , and ǫ 2 is the energy of the second positron, ǫ 2 = ǫ p2 . There are also here two quantities G (0) 0ν and G (1) 0ν in units of yr −1 from which one can obtain: (i) The half-life The obtained PSFs are listed in Table II (ii) The differential decay rate
where N 0ν = g The values of G
are shown in Table III column 2 where they are compared with previous calculations (col-umn 3 and 4), and in Fig. 11 . In this case, our calculation and that of [13] disagree with the calculation reported in [15] by a larger factor. We also have available upon request the single electron spectra and angular correlation for all 0νβ + β + nuclei in Table III. An example, 106 Cd decay, is shown in Fig. 12 .
In case of neutrinoless positron emitting electron capture, the energy of the emitted positron is fixed and the equation for PSF reads [13] :
The PSF are in units yr −1 , and from those we can calculate: (i) The half-life
The values obtained are listed in Table III column 5 where they are compared with previous calculations (column 8) and in Fig. 13 . In this case only calculations of [13] are available.
IV. ESTIMATE OF THE ERROR
Two main sources of error in the evaluation of the phase space factors are the Q-values and the nuclear radius, R. We have taken for the atomic mass M (A, Z) the available experimental values with errors shown in Table I. The more accurate values used in this table account for some of the differences between our calculated values and those of [12, 13, 15] obtained with older values of the atomic masses. We estimate the error here as a multiple of δQ/Q, where δQ is the error in Q. The nuclear radius enters the calculation in various ways, most notably the evaluation of the positron wave functions at the nucleus g −1 (R) and f 1 (R) and for ECβ + and ECEC, the electron probability, B 2 n ′ ,κ . We have taken R = r 0 A 1/3 with r 0 = 1.2fm. An estimate of the error here is obtained as in single-β + decay and single EC [21] by adjusting r 0 for each nucleus, A, Z, using the experimental value r 2 exp from electron scattering. Finally, another uncertainty is introduced by the average excitation energy, E N . In [2] we estimated this uncertainty which affects only the 2ν processes by comparing the results of the calculation with E N = 1.12A = 0.0MeV. The resulting error is of the order of few percent. Screening corrections play a minor role and do not introduce a large error. The situation is summarized in Table IV . 
V. USE OF PHASE SPACE FACTORS
The main use of PSFs discussed in this paper is to calculate half-lives for the β + β + , ECβ + and ECEC decay, by combining them with a calculation of the NME, the only constraints being that the NME are defined in a way consistent with Eq. (26) + . The calculation of half-lives with matrix elements obtained from IBM-2 will be presented in forthcoming publication [6] . Here we use the calculation of PSF to extract the dimensionless quantity g For two neutrino double positron decay and competing modes the only positive experimental half-life result is from a geochemical experiment in 130 Ba [36] : T 2ν 1/2 = (2.2 ± 0.5) × 10 21 yr. In geochemical experiments, it is not possible to disentangle the different modes, but in Ref. [37] this value is believed to be for the 2νECEC process, because other modes are strongly suppressed. Our calculations in Table II Table V .
We note that the value we extract is comparable to the values extracted from 2νβ
− β − decay in [2] . To emphasize this point we show in Fig. 14 
VI. CONCLUSIONS
In this article, we have reported a complete and improved calculation of phase space factors for 2νβ + β + , 2νECβ + and 2νECEC, as well as 0νβ + β + and 0νECβ + double-β decay modes, including half-lives, single positron spectra, summed positron spectra, and positron angular correlations, to be used in connection with the calculation of nuclear matrix elements. Apart from their completeness and consistency of notation, we have improved the calculation by using exact Dirac wave function with finite nuclear size and electron screening. The program for calculation of phase space factors has been set up in such a way that additional improvements may be included if needed (P-wave contribution, finite extent of nuclear surface, etc.) and that it can be used in connection with the closure approximation, the single state dominance hypothesis and the calculation with sum over individual states.
